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obligation whatsoever; and the fact that the Govern-
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supplied the sald drawings, specifications, or other
data is not to be regarded by implication or other-
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patented invention that may in any way be related
thereto.
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V?bea fairly Sroad:rﬂngé'of ber;aiﬁ nonditgﬁslonal parame;eré'iﬁ
is péssible.fo couéLe R?_podervinc{§eﬁ£ dﬁ an inhomogeneous plas¢a w1th
the ‘resultant bean attenua:ion_appgé;ing:as ohmi; heating of the'médiuﬁf
. The_plas:a reacts to t@is heating w{chva locéi‘rise in témpeta;ﬁrevaﬁé"

electron density which in turn altéfs the pattern of heat deposition.(fincl.)

A closed form solutibn has been obtained for the plasma response . .
_ to this heat input using the WKB solution. With an initial exponential
distribution of electron density—the”solution prgdicts, after the
transien£ response 1is washed out, the.forﬁation of a plasma shield in
tgé form of a progr;ssiye invariaﬁt wave moving upstream at coqstant

velocity toward the bgam source. The shielding veiocity and the shapg ‘

 of the wave is spe&ified in terms of basic plasma parame:ers.f(ﬁncl,)




 STEADUZSTATE SHIZLDING RESPONSE OF AN
- - IRRADIATED PLAS! o

‘1. INTRODLCTIOY

We Qish to 1nvéscigace ché'ti:e reépqnse §f anbinh6mogeneou§, ther- .
mally-ioﬁized pla565“1f;géiated atbﬁormal'incidéncé'By’g Seaﬁ of electro-
mggneticlf}ﬁxf A previous study1 ‘has shown the general features of the
reacﬁion: | ' |

1. the’plasma CendsAco shield itself with a“zone of local electron

concentration which rapidly moves upstream towards the beam source,

’

2. at the same time the electron density gradient of.the shield-
ing spike steepens, thusrincreasing the reflection coefficient of the

plasma (see Figures 1 and 2). (Uncl.)

The;york ciged made use of time-iterated solutions of_Maxwell‘s
wave equation to obtain‘a history of the energy deposition pattern.
Although this technique yielded quantitative results, the numerical solu-
~ tions exacted their usual price, namely a loss of understanding of the

underlying physics. (Uncl.)

We present here an analytic closed fétm so[ut;on of the response o -
problem. The only concession is the use of the WKB apptoximatién.fqr
the wave equation.. Thé_report will specify such hitherto elusiQe para-
meters as the transient response time, the steady-staﬁe upstream shield

>velocity, and the shape and slope of the shield. Although first order
plasma theory will be used throughout, the eﬁtire phenomenonuis%ndur

linear in character. Maxwell's equations are linear in the field vec-

(Uncl.)
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- .model, on the o;her*hmnd the time variation of the conductivity,through

“tors if and onl: if t e Mrdiun pa*a*ac9rs (pcrreability, indox of re- _

>’;_fr1ction conductivit/; are independent of cime and position In our

e

'its-dependencgnonvthe eleccrongi*,'

Our. procedure is as follows: -

-a. . Express the’;pace-timé dependence of the heating rate using

the WKB approximation.

b. - Use kinetic theory to relate the heating rate to the local

electron growth.

c. Develop the first-order partial differencial eqnation which

must be satisfied by the steady—sta:e upstream progressive wave.

d. Use this constraint to determine the integro-differential T

vequation'gxpressing the elecc;on density as a function of position, and

implicitly of time.

e. Obtain the general solution of the equation and the specifi-

cation of the physical parameters. (Uncl.)

.
)
1




I1I. 1ZECRY

A7 WKB Apsoa¥isition

. Figure 1 shows cur zedel, A plane conochromatic beam of radian

frequency (A):..'pr_og'ressing in the positive x-direction i3 incident normally

on a plane-parallel izhomogeneous plasma (6/3 y, O/dz = 0). Ini-
tially the plaééa i3 therrally ionized with the low degrée of ionization
(-~ 10'3) assoc”i:;z:ed with tecperatures in the 103 - 104 °x qapge. In

the figure the initial electron distribution increases exponential to

the right accordirz to the prescription
n=ne -x/%q .

. where n is_ the electron density

‘n. = m €o @2 +9 2) {s the cutoff density

T

and xa is the eleé;ron density scaling length. (Uncl.)

Although this electron distribution curve is frequently used
because of its mathematical simplicity, the analysis to follow is in-
dependent of the initial configuration, requiring only a generally mono-

tonically increasing electron (and temperature) trend.(Uncl.)

If the »pfoportional rate of change of the optical parameters

of the madium is small within a wavelength, |Vk| ~ <4 1, the WKB
' k

solution of the wave equiation is valid., Because of its importance and

e R T e BTl N s ala e

own ifutrinsic interest we pr‘oceed.w'i'th a derivation z;fthe N solution
' : (Unecl))

.




- ) 5 - .
sizpler than those cited in the literaturs. -(Uncl.)

The one-dimensional wave -equation has ‘the form -

d2g + k2(x)E = 0, ..
- o dxz

where k, the complex ﬁropagacion constant, varies-éich X. With the sub-

stitution of the optical depth

dT = k dx,
the equation becomes

a?E+1 dk dE+E =0,
d? k2 dx dT

Using the WKB assumption that

=1 JL'.7\< 1,

ILgs
2M k-

k2 dx

" we find using operator notation that

(2 + 1 dkD+1)E =0,
k2 dx

This yields at once

(Uunel.)




where we have neglected higher ordei térms.

ution becore§

s e 5 C ikdo owo (o € Lok
E = _._de_n_cp.( S ikdx) exp ( ) ox ax o«
. X . X
) o
=E; [k exp (51 S -k dx)
V% B %o :

(Uncl.)

To find the local heating rate we use the dispersion relation

of the wave equation

2 2,6 -iC
K=k, (g pe?
o o

‘where ko = /C 1is the free space wave number ,

o

€/ € . is the square of the index of refraction, and

‘G is the plasrhé. conductivity.

For a medium of high Q, i.e.

<< 1,

-
we

L=

we can write épptoximat:ely

i o
k 2k (f]_-‘z—h"uj)-e;) ,

. 2.4
et el - e - ﬁ .- ._2__.

(Uncl.)

(Unel.)




with "Q = 2f€/€, , the (ndéx of refraction,

f$';, the phase constant, and

‘?( » the absot?tibﬁfcoéff{cient.' o (Uncl),)

3 Uslng.these éubétitutions in the wX3 solution we find aiter

350ﬁé aigeﬁfa ﬁhaﬁ the,lb@al heéting rate is given by
. -- . . . -
: £ fﬂdx
. Xo
g E2 = \/E_o‘zoz Y (x)e ,
™

X
+ Y dx
e
= F.{‘tL(x)e v ’

where <1’_€ = 12017 ohms 1s ‘the intrinsic impedance of free space
] T

and Fo 1s.ﬁhe incident in vacuo electromagnetic flux. (Uncl.)

The usefulness of the WKB approximation lies in the fact that
the ohmic heating.rate is directly expressed as a function of the plasma
parameters which may within limits be arbitfaty functions of position.
It i3 not possible to find the exact solution of theAwéve equation for

the propagation constant varying arbitrarily with space. (Uncl.)
The WKB solution becomes invalid whenever:

1. the propagation constant Lk Lbecomea vanishingly small

and/or . o : I (Uncl.)




2. at replons of steep gradients whers, for «xample, the
4] p 8 bt} p ’

éIeCtron dénsfpy éhdngcs rapidly, (Unel.)

The' flrst condition concerns us little. The propagation con- S

stant 13 always finite for a conducting plas=a, having the minimuﬁ value ‘i ‘

- . _ - Kypgn = ko’Pﬁ-‘A’. " -

wherélo is the collision frequency of an electron with neutral particles.
Moreover, as we shall see, only a small portion of the radiation penetratéS

to this depth. (Uncl.)

The second resﬁriction is more stringent. Since the WKB
assumption implies zero reflection, our nurerical result will be quanti-
tatively in error whenever the electron density profile no longer satis-

_fies'the.stipulation that

|9al r. . (Unel.)
= W< | |
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B, Plasma Constitutive 2elations

v"EféEt:omagnét{c tb%@f;»&an do no mochthaﬁ tb'expreés the de-
pénﬁé?ée;qflfigld‘éuantitiéé on the qpticél pféﬁerﬁiés of_thé medium;~
To-déte:@léé'the-index-of‘:éfraction V/E/E o or the cpﬁducciviﬁy
we;mﬁSt.hEQE:recou:se to é'conéyitutive_cglatiénvér.flaw" (Ohm’s law,

Snelliﬁ'ia?,-KifChhoff's law) of an eﬁpiricai‘naﬁg{evbr derived from

"some mocdel.

Thus in the equation.

- ’.‘jx ax

G E2=Fo ¥ e

we must relate the local heating rate ¢ E2 to the absorption coeffi-

-cient\i. (Uncl.)

The most general approach would be v

equation for the electron velocity distribution function

df + vV f VvE = -5,
t

-_F-.
m

where includéd'in‘g are all "action at a distance" forces of gravita-

tional, electrqstatic, magnetostatic'and glectfomagnetic origin while S,

the collisfon integral, represenmts the effects of contact forces. The

collision integral can be written as the sum

el singl

R

10

(Uncl.)

&
t




rom zlastic and {nelastic electron-neutral

Lot TR

representing contributions
- particle collisions, electron-icn, and {nter-electron collis{ung, respec-

tiveily. (Yncl.)

In addition for our problem in which the number of electrons
is not conser&ed the effect of electron creation and destruction throughb
fonization and reccmbination must be accounted for in the collision

inﬁegréi.(tﬁcl.)

We can conclude that any.approach starting from the complete
Boltzmann equation is exceedingly difficult. Fortunately, the condi-
tions set fcfth in our problem are met by the model known as the Lorentz .

electron-molecule gas. This model assumes:3 (Uncl.)

1. The motions of molecules and ions determine the mechanidal
bulk properties of the gas. This follows from the mass disparity of the

electrons and ions-neutral particles. (Uncl.)

2. The motion of electrons and ions determine the electrical
properties. 'In aédition, the electrons, being lighter, are more mobile,
and in many cases they alone determine Ehg electrical properties of the
medium;Aespecially in the césé of glecﬁrical fields of rapid time varia-

tion. (Uncl.)

3. The gas is only slightly fonized (n &K N). We can neglect .
charged p#fticle interactions., The 1ndependent electron model of a gas
is obtained. Each of thase electrons circulates independently in a "sea"

ey g S RETESCRa

of neutral molecules. (Unel.)

1




4. _ rhé_--mss ratio (m/4 ~ 107 1.0443 '_.L.s aimall, '_r'ms giQes
-;iﬁé:ﬁo the'ob§erved faég thaf in a biﬁsﬁ& ﬁeaged bylexterngl'kf powef
._;tﬁa£ éié;grﬁnhtemperacuré may be séverat orders of mggnitdde (“~r*193 )
‘highéfiﬁhan the neutral.pér;icle‘bﬁck3r0und; Tﬁip coﬁés abouﬁ_frﬁm tvo,;"b
,effeé;é; ’The~électrons,rbetﬁg Iiéh;é?; &te m?:é_ggp@ly'heaté& by.;ﬁe
‘eleqtﬁoﬁégnét;c beam. Once heace3, b;caﬁse ofvfhé-maﬁg digﬁérity,'the-f:“
-eﬁgréy;t¥;nsfer per collision ( ;ﬂ~m/M) is small., fhﬁs the plasma o

behaves as a hot electron trap, the electrons being radiatively heated -

but dénied any collisional thermal relaxation. (Uncl.)

% Although logically the.Bdltzmann approach is to be preferred,
the difficulties in evaluating the collision integral; on the right side
rule this out, Frequently, the genéralized Ohm's law is derived from
the Boltzmann equaﬁion using a "dynamic friction" expression on the
right. This rather formidable technique yields the identical answer

4
that a much simpler analysis utilizing the Langevin equation does. (Uacl.)

The equation of motion of an electron driven by an impressed
alternating E field and colliding randomly with.neighboring neutral mole-

cules 1is

vhere m A (t) 1s a stochastic force caused by collisions with the neu-
tral particles.
Since A (t) 4is fluctuating randomly, it cannot be specified at any par=

ticular instant. However, certain time averages are known. _Thus {t can
(Uncl.)




be shown from ':::oment'um and energy conservation con’s'id'éraftions that

o | _.é- = -4 3. ’
and nE A = - g93% LTy,
where ‘\) : is the collision frequency, Tl e

S w 2m/M {1s the fr;ctiqnwof electron energy trans-

ferred to a neutral particle at a collision,

and 3k e, 3kl are the kinetic energies of the electron and
. ‘ 5 > .

neutral particle, respectively. (Uncl.)

The time-averaged Langevin equation can be considered as the
first velocity moméhc of the Boltzmann equation which yields, of course,

the momentum transfer or macroscopic force density equation. Thus
m éﬁvid!'*‘mSVj_ﬁ.Vid! - eEjbfvidg-rh"(Kf)vidx,
ot . R - a_".j dt/co11

vhere we have assumed the only external force acting on the electron is
“due to the E-fleld of an impressed electromagnetic wave. Thus we will
neglect the magnetic field of the wave since B v (v/c)E as well as

any induced field caused by the recaction of the medium. (Uncl.)

13




Performing the integration over velocity space and uaing the

continulity "équacion we -find

nm 3__1 +'u_ibu1 = -aSj -ne Ef -nadug ,

.-

-;;hére sij is the p_ressu_:e tensor; In the col.l.iéion term on the righ-t

side we have made use of the ciu.e average of the stochastic force., Por
an :lsotropic dis:ribution Sij = P&ij' we can write ~_the equation in

e e vector form

a_i + _§. Vé) = -VPe -nek el9F - nmy 5 * (Uncl.)
ot

;_T:;-f If we can-ignore the second order space derivative terms

(a/b xi = 0), this reduces to the Langevin equation

m ‘3 + mv 'g__= -eEe . _ ‘ (Cnel.)

The transient response (complementary solution) of this

equation is

-, eV,

Thus the relaxation time of the electron is the reciprocal of the colli-
sion frequency. This indicates that it takes the electron bnly one
collision to thermalize, i.e. to-"forget" its orderad motion and to

acquira the kinetic te‘mperaturnT . (Uncl))

14




The steady state -or prrticular solution of -the Langevin equa-

tion which {3 JCqured in a tlma'on.the order of 1/4) 1s

% - - e £/m .
i+ 4

This expresétonbyiélds for the total -zurrent

.'llav'neg ’

= nelg (- 1w+ 4)

m w2+ 9

= [u.)(e -e°)+c-] E.

. Thus the permittivity and conductivity eof the plasma are given by
! 2 2
g - 1 = % » G = :_J_ .
| Eo W+ 2 AT W2

_ , ,
with ‘..)P = ne [/mg, . (Uncl.)

To obtain the energy or heat transfer equation, we multiply

-

the Langevin equation by Eé and average over time using the second

stochastic relation. Thus we find

m‘:r; - ’-eé_-a + mg°A (),

| . 2
d nm =J'E +nm XA,
: de 2 §
) . . T ER A WE i anea
) : 3 nkdly =@ -§) 30k (Te -T) . (gne1.)
2 dt 2

15




‘This equatiohlhas the'simple interpretation that'the energy
absorbed from the beam (ohmlc hcating) goes into raising the electron
temperature and into heatin5 by collisions the neutral particle back- f

gfoﬂnq. (Uncl;)

We have seen earlier that the electrons acquire theirvhigh
random thermal velocity very rapidly (t wr 1/4)). This electron tem-
perature tesﬁlcing from the impressed field is found by zetting -

dTe /dt =0, leading to

T. - 1+ 2062 =1 + 2&2¢
T InkT &Y 3T 0§ o + 99

where we have used the constitutive relation derived earlier for the
conductivity 0. The form of this equation has led Ginzburg and

Gurevich5 to define a characteristic "plasma field"

Obviously for E 3 Ep, we have

t!l& = B2 . (Uncl.)v

)
T Ep

For large impressed fields the.electron temperature can @e a

3

factor of 107 - 10A larger than that of the meutral gas, as reported in

gas discharge axperiments.3 (Uncl. )

o A A g,

to




Without the i=zpressed electromagnetic field, we find

e -S‘Jt

Te T -

so that the relaxation tirce of the elevated electron temperacurefITe is

t'_ A\ ad (1/8‘\) ) ‘. (Uncl.)

The following-qualitative‘piccure emerges of the plasma-RF inter-
action. Very quickly after the initial irradiation (t ~ l/4) ) the
electrons acquire the temperature

Te= T 2.
Bt - 2
Ep :
A much loﬁger period, t ~~ (1/5\)), is required to transfer the energy -
of the heated electrons to raise the background temperature of the mole<
cules, It is fortunate that such a time dfsparity exists. It enables
us to treat separately the heating of the electron gas and the neutral

particle background. (Uncl.)

Thus the effect of the RF power is to heat the electrons and,
more. slowly, the neutral gas. If this were all, there would be no
dynamic'plasma response since simple heating does not affect the elec-
trical properties of the plasma. The#e depend only on the electron
density and the collision frequency. Although the latter is in general

a function ‘of ‘temperature, in this first order treatment we assume

a constant. (uncl.)

17




He “beygan initiafly, however, wlthva thermally {onized plaﬂma.”
Any heating will fncréase the»dénrce of ionization with a boitioh‘of the

impressed energy being absorbed in the ionization process (dé-neglect“

recombination), Thus we can writec: -

' iﬁpressed energy = gas heating + ionization energy

ce? = 1-Hc E? + £GQ E2,

where f 1s the probability of an {onizing collision. Figure 3 drawn
6 ' :

largely from Brown displays the ionization probability for a number of

gases where f = Q¢/Q, the ratio of the ionization cross-section to the

total collision cross-section. (Uncl.)

Equating the ionfzation energy terms we have, at last, the
fundamental equation expressing the space and time dependence of the

electron density

n =~ £ o E =
ot

(Uncl.)
C. Problem Solution

Making use of the approximate relation for the absorption
coefficient ' ' -

Ne

o = 20 4 o,
' X T

derived earlier, the equation can be expressed in the single dependent
' (Uncl.)

Rt
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By taking the logarithm followed by a partial differentiatioh

with respect to x, we transform this ;ntegfo-partial differential.equAQ

tion into the following second order nonlinear p#tﬁial differential

equation

éz n = 1 9dn dn + 2% Q,‘g_“iig
Ix dt n 3x 3t AW n dc

It is perhaps surprising that for such an unpromising equatibn

we shall be able to derive the general solution' n = n (x,

t) in closed

form. we.shalllfiﬁd that this solution represents an initial transient

response followed by a plasmaAshield propagating upstream ;owards the

source with constant velocity. (Uncl.)

By the use of the integrating factor n'l, we are able to

integrate with réspect to-time. This yieids

2 2

2

=

32_ n_ + g(x) .
W

Ne

o jr

d
d

{

%
]
>

Wa determine g(x) by requiring that at t = 0,

, , - x/xe ,
n(x, 0) = nc e . (Uncl.)




- This particular initial distribution is ch'oae'h_'becau'se of its- mathe-
matical convenience and greaE'flékibillty. For cxample, the .electron
“density scale length {s simply the distance xe.. W.ltfh this boundary

condition we now have

_ ) - x/x¢
Lia_n=mi(e_-e ) - L
n 9x r'?;\ ) n, ' Xa (Uncl.)

This equation enables us to determine a very important quan-
tity, the limiting velocity of the plasma shield. Returning to the
original integro-differential equation, we can now evaluate the inte-

gral in the exponential function for x )5_ Xe. Thus

n/ne

(- <] ) .
O (I R SN
rz} W Ne '27\ Q) bdhx (ﬂc) Yl w N Ng
- % )

.

<

2

(Uncl.)

The time derivative for the electrom density is therefore

On = £ _F 2@ ¥ n (1-20) xe nY) .
'at 61 '2% ) ne ( q w A ‘e (Uncl.)

~ The velocity of the electron density profile for large x

follows from the relation

v = - dn/dt = £ Fo 24¢ J oz .
an/ax E'Inc rz w A

(Uncl.)

We defer discussion of this important shielding velocity until

later. Hare we merely note that v is a consténc, which {n turn fmplies
(Unel.)

iél'.




‘that the solation for large x  1is a progressive wave front of invariant -

- shape meving ﬁpstréamf (Uncl.)

Proceeding with the géhﬁtal :olufion, we sgé that the equaCLoﬁ‘“
forltée spéce_éeriyative of In n 1s of che.ﬁetnoulli:type.'mthe substi-
tution of iz'é 1/n reduces this to the folloﬁing Iiﬁear differential
equation | | | | |

- x/xa

.é._(m_w)_ +1_)e=-
9x '??\ 3V lXe

2

)\(% ;ll-c * (Unel.)

)

Using the usual integrating factor technique we find, after

some algebra, that the general solution of this equation is
-~5:/xe .
ne = e |l + e h(t) ,
n ’ ) ) | .

where h(t) is a funct;on‘solely of the time. To determine h(t) we make
use of the known limiting vclecity for large x. The general solution

for x }} Xq reduces to

A ' - » v .
n - = - l:].» + -h(t;l ’ : T -

n(x >> Xasy t)

x/xa
- @ . . [ Y . JUR
since: e —— 1 for x> xa . (Uncl.)

to
12~




x_
xe -
- 'Eg aJE » e h'(¢) T
n2 at : X
5;
xe' : ) .
- n_‘- a_n. = e [1 + h(tﬂ . (.unﬂl >
n2 Jx Xa o

The negative quotient of these 1s of course the velocity which,.

for large x we have previously found to be constant. Thus.

v = ~- Xeh'(t) =
h(t) + 1

wirich integrates at once to

- vt
Xa -
h(t) = -1 + ce .

To find the constant ¢, we note from the genmeral solution that

h(0) = 0, which requires .¢ = 1. (Uncl.)

Thus the time and space evolution of the electron density
profile for am 1rrad1ated plasma having an initial distribution

n = nc exp (- x/xe ) is given by  (Uncl.) . . -




: “x/xg-
X -e - vt
Xy a T Re :
- Ne . - a - | 1 -e (1 -e i ) s
) n(xa t) -
with the'iiﬁitihg shielding velocity | R B -
wefR MY v [ Fo_ £d %

"'é't—;c' r? W 7\ EJI“C c

where £4 1is the ionization collision frequency. (Uncl.)

Figures 4, 5 & 6 display growth of the plasma shield as a

function of space and time. (Uncl.)

D. Discussion of Results

" The most important concept emerging from this treatment is tﬁe
limiting velécity and its dependence on the plas%a and RF parameters.
1t appears that after the transient response is washéd ouﬁ, a limiting
shield velocity emerges which i3 specified by basic plasma properties.
The direct dependence on the collision frequency arises from the fact
that only in collisions is energy transferred to drive the sheath out- -
ward. The smaller the e-folding length x , the steeper the density

profile which leads to deeper deposition and hence slower velocity.

(Uncl.)
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The liaitiug density profile is éaéil}”féﬁpd'frbmvthe genetéL

‘soiﬂfion to be

) X.zi,'lit
* o X
ne = 270 11 ,53 +e
n Vz . '.D . R

so that the limiting upp;r dénsity bound is

Ppnax * . Ne .

el

2'“‘ . Xe .
Figure 7 is a plot of the limiting ptofile for various Qalues_of the -

»ingtial e-folding length of the electron density.(Uncl,)

. There are at least four directions in 9hi§h to extend this

: thépffbto include:

.. 1. . The effect of reﬁlection; Our fésults are valid only
for ( )\/xe ) € 1. Since the reflection coefficien: R depends on
| Nxe and 1},{0 we can, as a first approximation, vmul:iply t'he 
Co S 1pcident flux-¥;'by'the reflectieh coefficient éppéoﬁriate to the
. ' 'Inigial electron configuration. The Adyantages of the ﬁKB-appfbximationbv
in ﬁroviding a tractable fofmalism ar;‘so im§o£tant that it Should oniy :

be superseded when absoluteiy necessary. (Uncl.)

2. --Blectron reclaxation effects such as recombination, heat ..

conduction, and plasma radiation;

.F’J(Uncl.)"
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3. The effect of the typd}of Initial,electron density distri<

. bu&ibn on theglimiting velocity. We will generalize our treatment beyond

‘the undisturbed exponential electron profile.(Unc1;)'.j

- e
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